Abstract. Let M be either CP 2 #3CP 2 or 3CP 2 #5CP 2 . We construct the first example of a simply-connected symplectic 4-manifold that is homeomorphic but not diffeomorphic to M .
Introduction
There is a growing literature on the construction of exotic smooth structures on the closed 4-manifolds CP 2 #nCP 2 and 3CP 2 #nCP 2 for some small positive integer n. Our main result is the following. Theorem 1. Let M be either CP 2 #3CP 2 or 3CP 2 #5CP 2 . There exists a smooth closed simply-connected symplectic 4-manifold that is homeomorphic but not diffeomorphic to M .
The authors sincerely apologize for any incomplete portions of the paper. We hope that our paper is still comprehensible to the experts. In the sequel [AP] , we construct infinitely many smooth structures on M and other small 4-manifolds.
Fiber sum
Definition 2. Let X and Y be closed, oriented, smooth 4-manifolds each containing a smoothly embedded surface Σ of genus g ≥ 1. Assume Σ represents a homology of infinite order and has self-intersection zero, so that there exists a product tubular neighborhood, say νΣ ∼ = Σ × D 2 , in both X and Y . Using an orientation-reversing and fiber-preserving diffeomorphism ψ : Σ × S 1 → Σ × S 1 , we can glue X \ νΣ and Y \ νΣ along the boundary ∂(νΣ) ∼ = Σ × S 1 . The resulting closed, oriented, smooth 4-manifold, denoted X# ψ Y , is called a fiber sum of X and Y along Σ.
Definition 3. Let e(X) and σ(X) denote the Euler characteristic and the signature of a closed, oriented, smooth 4-manifold X, respectively. We define
If X is a complex surface, then c 2 1 (X) and χ h (X) are the square of the first Chern class c 1 (X) and the holomorphic Euler characteristic, respectively. These are the usual coordinates involved in the "geography problem" for complex surfaces.
For the simply-connected 4-manifolds mCP 2 #nCP 2 , we have e = 2 + m + n and σ = m − n. Hence we get Lemma 4. Let X and Y be closed, oriented, smooth 4-manifolds containing an embedded surface Σ of self-intersection 0. Then Lemma 5. There are nonnegative integers m, n, p and q such that Recall
that maps the fundamental group generators as follows:
2 ) is symplectic.
Lemma 6. X is simply-connected.
Proof. By Van Kampen's theorem, we have
.
This implies that the generators k 1 , . . . , k p are trivial and the relations r ′′ 1 = · · · = r ′′ q = 1 are redundant in π 1 (X). Since α i 's commute with one another, we get the following commutator relations in the fundamental group of X:
. In summary we get the following presentation for the fundamental group of X.
To prove π 1 (X) = 1, it is enough to prove that b = d = f = s = 1, since these will imply that all other generators are trivial. It is not hard to show that the following five identities hold in π 1 (X). The proof of these identities is postponed to the appendix (cf. §7). 
Since s commutes with d, we must have sb = bs. Using sb = bs in (3), we get s = 1. Then (4) implies that f = 1. Similarly, (5) and (2) in turn imply that d = b = 1. Thus π 1 (X) is trivial.
Lemma 7. e(X) = 10, σ(X) = −2, c 2 1 (X) = 14, and χ h (X) = 2.
From Freedman's famous classification theorem (cf. [Fr] ), we conclude that X is homeomorphic to 3CP 2 #5CP 2 . It follows from Taubes' theorem (cf. [Ta] ) that SW X (K X ) = ±1. Next we apply the connected sum theorem (cf. [Wi] ) for the Seiberg-Witten invariant to deduce that the SW invariant is trivial for 3CP 2 #5CP 2 . Since the Seiberg-Witten invariants are diffeomorphism invariants, we conclude that X is not diffeomorphic to 3CP 2 #5CP 2 .
4. Another symplectic 4-manifold with b + 2 = 3 and b − 2 = 5 In this section, we construct a symplectic 4-manifold Z satisfying c 2 1 (Z) = 6 and χ h (Z) = 1. We also compute the fundamental group of Z.
Z is the fiber sum of the manifold Y K in [A1] and Y = T 4 #2CP 2 along genus two symplectic submanifolds Σ 2 and Σ ′ 2 . We choose the gluing diffeomorphism φ : Σ 2 × S 1 → Σ ′ 2 × S 1 that maps the standard generators of the fundamental group as follows:
Again, by Gompf's theorem (cf. [Go] 
Lemma 8. There are nonnegative integers m and n such that
where the generators g 1 , . . . , g m and relators r 1 , . . . , r n all lie in the normal subgroup N generated by the element [x, b] , and the relator r n+1 is a word in x, a and elements of N . Moreover, if we add an extra relation [x, b] = 1 to (7), then the relation r n+1 = 1 simplifies to [x, a] = 1.
Proof. By Van Kampen's theorem, we have It follows that the generators g 1 , . . . , g m in (7) also become trivial, the relations r 1 = · · · = r n = 1 become redundant, and the relation r n+1 = 1 turns into [x, a] = 1. Using the fact that π 1 (Y \ νΣ ′ 2 ) ∼ = Z 4 is abelian, we have the following commutator relations in
. In summary we get the following presentation.
and aba = bab, the presentation of this group simplifies to the one we want.
Corollary 10. H 1 (Z; Z) = Z 2 , and hence b 1 (Z) = 2.
Lemma 11. e(Z) = 6, σ(Z) = −2, c 2 1 (Z) = 6, and χ h (Z) = 1. (Z \νT 1,4 ). Thus after a suitable Luttinger surgery as in [ADK] , we can choose to kill α 4 = y.
Similarly, the meridian to the Lagrangian torus T 2,3 is the commutator [α 1 , (Z\νT 2,3 ). Thus by performing another Luttinger surgery, we can choose to kill α 3 = d. Thus after two suitable Luttinger surgeries, we obtain a symplectic 4-manifold W with
From Lemma 9, we easily conclude that π 1 (W ) = 1. Since a Luttinger surgery does not change e and σ, we conclude that W is homeomorphic to CP 2 #3CP 2 . By the same reasoning as above, W cannot be diffeomorphic to CP 2 #3CP 2 . Finally, if we choose to perform only a single Luttinger surgery to kill the generator d in π 1 (Z), we obtain a symplectic 4-manifold V with the following properties, which is interesting in light of [BK2] .
Theorem 13. There exists a symplectic 4-manifold V with π 1 (V ) ∼ = Z, e(V ) = 6, and σ(V ) = −2. Moreover, V contains a Lagrangian (or symplectic) torus of selfintersection zero.
Using the above theorem, one can improve the results in [BK1] as follows. Corollary 14.
Another construction of exotic
In this section, we construct another simply-connected, symplectic 4-manifold U homeomorphic but not diffemorphic to CP 2 #3CP 2 . Using Usher's Theorem (cf. [Us] ), we will distinguish U from CP 2 #3CP 2 . The manifold U will be the symplectic fiber sum of Y K in [A1] and Q = (M K × S 1 )#2CP 2 along the genus two surfaces Σ 2 and Σ ′′ 2 . The symplectic genus 2 submanifold Σ ′′ 2 ⊂ Q is obtained by resolving the intersection of a torus fiber T and a torus section S of M K × S 1 and then blowing up the two self-intersection points.
Let us choose the gluing diffeomorphism ϕ :
2 ) according to the following rule:
Lemma 15. U is simply-connected.
. This in turn implies that the generators g 1 , . . . , g m of π 1 (Y K \ νΣ 2 ) become trivial in π 1 (U ). Moreover, taking into account the presentations of π 1 (Y K \ νΣ 2 ) and π 1 (Q \ νΣ ′′ 2 ), we have the following presentation of the fundamental group of U .
Using the relations above, we can obtain the following identities.
Using ( , we get b = d = h = 1. Now it easily follows from the presentation of π 1 (U ) that a = x = y = g = z = 1. Thus we proved that π 1 (U ) is trivial.
Lemma 16. c 1 2 (U ) = 6, σ(U ) = −2, and χ h (U ) = 1
, our results follow. By Freedman's theorem and the lemmas above, we deduce that U is homeomorphic to CP 2 #3CP 2 . Note that U is a fiber sum of non-minimal 4-manifold
2 with minimal 4-manifold Y K . Both exceptional spheres E 1 and E 2 in Q meet with the genus two surface Σ ′′ = T + S − E 1 − E 2 . It follows from Usher's Theorem that U is a minimal symplectic 4-manifold. We conclude that it cannot be diffeomorphic to CP 2 #3CP 2 .
7. Appendix: Proof of (2)- (6) From presentation (1), we get Similarly, note that e = f d −1 , and thus ef e = f ef implies that f d 
